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Effects of Unsteady Free-Stream 
Velocity and Free-Stream 
Turbulence at a Stagnation Point 
An analysis is presented to investigate the combined effects of transient free-stream 
velocity and free-stream turbulence at a stagnation point on a cylinder situated in a 
crossflow. A model has been successfully formulated for the eddy diffusivity in-
duced by the free-stream turbulence. The governing momentum equation has been 
integrated by the steepest descent method. Numerical solutions are provided for the 
unsteady wall shear stress function for specific free-stream transients. The results 
are correlated by a new turbulence parameter. It has been found that the wall 
friction increases with increasing free-stream turbulence intensity. In the case of 
flows involving unsteady free-stream velocity, the friction factor increases with 
increasing values of the reduced frequency of oscillations. 
Introduction 
There exists a need for a systematic and detailed theoretical 
and experimental study of the effects of the upstream flow 
disturbances on the flow and heat-transfer characteristics of a 
gas turbine blade. The flow disturbances at the exit of the 
stationary vanes are pulsatile in character and so the velocity 
and temperature distribution as well as the local skin friction 
and heat-transfer coefficients become transient. 
It is known that free-stream turbulence augments the 
friction factor significantly in flows with large streamwise 
pressure gradients. Sutera et al. [1] and Sutera [2] simulated 
the free-stream turbulence by a distributed vorticity in the free 
stream and showed that the stretching of the vorticity com-
ponent parallel to the surface caused a substantial increase in 
the heat-transfer rate, while the increase in the wall shear was 
relatively small. This theory provides a qualitative ex-
planation of the phenomenon; but, because the free-stream 
vorticity was not related to the turbulence intensity, it does 
not enable an independent prediction of the wall shear stress 
augmentation. Smith and Kuethe [3] employed a more direct 
approach and postulated an expression for the eddy dif-
fusivity induced by the free-stream turbulence. Their model of 
the eddy diffusivity involves an unknown constant, which was 
determined from their experimental data. Galloway [4] at-
tempted to provide a rationale for Smith and Kueth's eddy 
diffusivity model. Recently, Traci and Wilcox [5] presented a 
two-equation model of turbulence along with the other 
conservation equations. In order to complete the analysis, use 
was made of empirical information from the experiments of 
Smith and Kuethe [3]. By means of a similarity type solution, 
they evaluated the friction factor at the stagnation point of a 
cylinder in a uniform crossflow. 
Early theoretical investigators [6, 7] predicted that free 
stream oscillations would have little or no effect on the mean 
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boundary layer heat-transfer or shear stress. These studies 
resulted in a good qualitative understanding of the flow 
mechanisms involved, but they do not provide a capability for 
quantitative predictions. 
Junkhan and Serovy [8] reported experimental data con-
cerning the effects of free-stream turbulence intensity on the 
flow and heat transfer from an isothermal flat plate with a 
favorable pressure gradient. Their data indicates that there is 
no effect of free-stream turbulence intensity on heat transfer 
through a laminar boundary layer with zero pressure gradient. 
There exist several practical applications in which wakes 
evolve in the presence of free-stream turbulence. One such 
situation exists in multistage turbomachinery, in which the 
wake of a blade following the first row of blades always 
evolves under the influence of the turbulence present in the 
wake of the previous row of blades. An extensive search of 
literature on general two and three-dimensional wakes is 
reported by Raj [9], Pal and Raj [10] have investigated the 
effect of free-stream turbulence on the characteristics of a 
turbulent wake developed from the trailing edge of a thin and 
smooth flat plate both analytically and experimentally. They 
found that the free-stream turbulence increases the wake 
recovery and growth rates. 
No analyses have been reported in the literature to study the 
combined effects of free-stream turbulence and transient free-
stream velocity on the unsteady flow behavior on a body. The 
proposed study has been undertaken in order to investigate 
the combined effects of free-stream turbulence and time 
dependent free-stream velocity on the unsteady flow 
characteristics of a stagnation point on a circular cylinder. 
The basic study is expected to enable understanding the 
complex flow phenomenon in the real turbomachinery en-
vironment to a first degree of approximation. No such 
analyses have been reported in the literature so far. 
Analysis 
Assuming an incompressible flow with constant properties 
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and negligible dissipation, the governing boundary layer 
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The transformed boundary conditions are 
/ ' ( T , 0 ) = /(r,0) = 0 
/ '(r,oo) = 1 (7) 
In the above equations, primes indicate differentiation with 
respect to rj and the dot with respect to T. 
In the above equations, x and y represent the distances 
along the streamwise direction and normal direction, u and v 
the velocity components in x and ^-directions, / the time, and 
p the density of the fluid. The shear stress term in equation (2) 




In equation (2) P is for pressure. 
In the present problem, the fluid transients are assumed to 
arise from a free stream velocity Ue which is initially steady 
but at some instant of time begins to undergo continuous 
change in magnitude with time. That is, the free-stream 
velocity is assumed to be of the form 
Ue(x,t) = Kx-G(t) 
where G(t) represents unsteadiness of the free stream. It must 
be noted that A' is a proportionality constant and is equal to 
2uca/R for a cylinder, where uoo is the reference velocity and 
R the radius. It is assumed that G(t) = 1 for / < 0 . The initial 
and boundary conditions for equations (1) and (2) are 
u(x,0,t) = v(x,0,t) = 0 
U(x,00,t) = U<x(X,t) (4) 
Proceeding with the analysis we define u = d\j//dy and v = 
-d\p/dx. It may be verified that the continuity equation is 
automatically satisfied. 
We introduce the following transformations: 
T = K't 
17 = y^JKG/v 
i> = xslKGvfiw) (5) 
Eddy Dif f usivity Formulation 
It must be noted that by substituting d /dr=0 amd (7=1 
into equation (6) and solving it, one obtains the steady-state 
velocity field. The momentum equation for the steady-state 
problem is given by 
[(1 +sV"] ' + / / " + [ l - < / ' ) 2 ] = 0 (8) 
It must be noted that / = / ( T / ) only in equation (8). The ap-
propriate boundary conditions are given by 
/ (0 )= / ' (0 ) = 0 and / ' (« . ) = 1 (9) 
The steady-state friction factor becomes 
717-^=13-838 4 {Vipuoo2) D .Re-
M/*(0) (10) 
where 
Re = Reynolds number ( 
uaoD\ 
v ) 
Equation (8) is solved on a computer using the fourth-
order, Runge-Kutta numerical procedure. The double 
precision arithmetic was used in all the computations. The 
selection of the integration step size depends upon the desired 
level of accuracy. After some computational trials, a step size 
of ?/ = 0.001 was chosen. 
In the present paper, we restrict ourselves to the case of 
homogeneous and isotropic free-stream turbulence. This will 
be realized in the turbulence produced by grids at locations 
sufficiently downstream from the turbulence promoters. We 
have assumed the following expression for the eddy dif-
fusivity in the present work. 
= Sl(r, + V
2) (11) 
Substituting the expressions in (5) into the momentum 
equation we may write the transformed momentum equation 
as follows: 
*i+ ( / ' ) 2 - i ) (6) 
where 
where 
sl = constant proportional to the turbulence intensity 
and 
i) = dimensionless distance normal to the surface. 
A review of the literature suggests that there are several 
uncertainties in the published experimental data including 
tunnel blockage, variation of physical properties, effect of 
turbulence scale, and inaccuracies in the measurement of 
turbulent intensity. Restricting the discussion to the 







transient wall shear function 
skin friction coefficient 
aw/(V2pu<x2) 
diameter of cylinder 
time variation of free-
stream velocity 
proportionality constant 
radius of cylinder 
Reynolds number (u<xD/v) 
t = time 
Tu = turbulence intensity 
(w'/uoo) 
u,v = velocity components 
u' = rms velocity fluctuation 
Ue = free-stream velocity 
x,y = coordinates 
p = density 
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stagnation point, it has been found convenient to use the 
single correlation parameter (Tu-ReL/l). This parameter has 
also been suggested by Smith and Kuethe [3] on the basis of a 
semi-empirical theory. 
Figure 1 shows the results for the steady-state friction 
coefficient as a function of the correlation parameter 
(Tu-Re^1)- The constant s, in the present eddy diffusivity 
model has been adjusted so as to have a best fit of the present 
numerical predictions with experimental data available in the 
literature. It has been found that the following expression for 
5] makes the predictions of the present analysis to be in good 
agreement with the published data over the entire range of 
(Tu'Re1-4) within 15 percent error: 
51=0.018(Tu.Re'
/ l) (12) 
The results from the present analysis are seen to agree with the 
experimental data of Smith and Kuethe [3] within 15 percent. 
In addition to the data of Smith and Kuethe, the predictive 
curves of Smith and Kuethe [3], Galloway [4] and Traci and 
Wilcox [5] are also shown in Fig. 1. 
Traci-Wilcox 
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Tu Rev! 
Fig. 1 Effect of turbulence intensity on friction factor 
Solution 
The governing momentum equation (6) for the unsteady 
problem will now be integrated by the steepest decent method. 
Toward this end, we let 
(13) 
Substituting the expression for f{T,rj) into equation (6) and 
collecting coefficients of like powers of r/, we find that 
«3 = - [s{a2 + \+ —2j 
2Ga3 a, 
«5 = -3sla4+a2+ -^- + — 
L 9-
~2 G2 





The unknown coefficient a2{r) is determined through the 
use of boundary and initial conditions. When once #2(7) is 
determined, the remaining features of the flow field such as 
the transient velocity profiles may be readily evaluated. The 
time-dependent wall shear stress and friction factor may be 
written as 
/ du \ 
KG 







We now define an integrating factor: e1(T^ 
where 
M.'(n7) ( • ' • ' -* ! J* <"> 
Momentum equation then becomes upon integration 
where 
»^W + Io,TTi"[|^-1>+JS-+^2-1]<ft' 
In order to arrive at the boundary condition at the outer edge 
of the boundary layer, momentum equation is integrated 
fromr; = 0 to 00. 
Thus 
(
00 /• 00 
f"di)=\ e-'^'a^dr, 
(17) 
We observe that the integrand of equation (17) for all 
values of time is proportional to the shear stress within the 
boundary layer. Under the boundary layer approximation it is 
a rapidly decreasing function of i). This implies that the main 
contribution to the integral in equation (17) comes from the 
region close to the wall. Thus the finite radius of convergence 
of the series for/(r,ij) is not important. 
To evaluate the integral in equation (17), the series for 
f{r,TJ) is to be inverted. We now define a new variable 7 such 
that 
G r 
7=1(7,7/)+ —2 Y G 
2s, -s2 
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Inversion of series for 7 in equation (18) is given by 
Am 
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where /' = V ^ l . T h e integrations are carried out three times in 
the y plane to dispose of the fractional powers of y once in the 
7] plane. We now have 
1 = \ f"dr,= [ e-*-iP(r),T)> - ^ - 'dy 
JO JO @y 
where 
n - 0 " • 
B0=a2 
1 + G \ / . G 
(20) 
5 l = -(-^)(1+S '-4^)^ l f l2 
/ G \ ( G a2\ 
52 = ( 1 + S ' - 4 G O ' ( G ^ + G ) 
+ te\(\+ &){l+si-
•) 4G2, 
+ 2 f l 2 ( ^ " i l + S ' 2 ) 
i ] = 2 ( i + , r 4 ) ( ^ . + A+42») 3 V ' 4 G 2 / V 2G2 2G / 
-35'(1+il-4l)(|-fl2+|) 
- 6 ( l + | ) ( l + , 1 - 4 - | ) ( 4 - | - , 1 + , 1
2 ) 
:V 2 24 G2 1251 J 
+ 6a, (21) 
etc. 
From equation (20) we recall that 
MTI,T)- - ^ = 7 -





rf1 = y . C 0 " . ( i . 1 - 4 l » o - c r - ) 
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etc. 
Equation (20) will now be integrated in terms of the 
complete gamma functions to yield 
^<-)-£*-r(fT1)-' <*> 
Upon applying Euler's summation procedure to the above 





After substituting expressions for d0, dly d2 and d3 into the 
above equation, we obtain a first-order ordinary differential 
equation for a2(r). Equation (24) has been integrated 
numerically by means of a fourth-order, Runge-Kutta 
procedure. A discussion of the results will be presented in the 
next section. 
It should be noted that the transient velocity profiles may 
be determined when once a2(j) is determined. The velocity 
profiles are given by the equation 
(25) 
where Ty is the incomplete gamma function. The friction 
factor is given by equation (15). 
Discussion 
It must be noted that the analysis is performed for 
predicting the transient response behavior at the stagnation 
point due to the combined effects of an arbitrary time 
dependent free-stream velocity and free-stream turbulence. 
No assumption has been made for G(f) that represents the 
unsteadiness of the free stream. In fact, the present analysis is 
valid for any arbitrarily varying continuous G{r). There exist 
in the literature some experimental data and some predictive 
methods to analyze separately the wall shear factor at a 
stagnation point under steady-state conditions in the presence 
of free-stream turbulence and the friction factor due to 
transient free-stream velocity with no free-stream turbulence. 
Neither experimental nor analytical work has been reported to 
investigate the combined effects of unsteady free-stream 
velocity and free-stream turbulence at a stagnation point. 
Many modern turbine blade sections, even at the high 
Reynolds numbers at which they operate, manifest con-
siderable areas over which the boundary layer remains 
laminar. The superimposition of mainstream velocity fluc-
tuations associated with artificially induced mainstream 
turbulence is known to affect dramatically the fluid flow and 
performance characteristics. Clearly such effects can be 
important in turbine blade design for, as rotor speed changes, 
so will the frequency of the perturbations in flow velocity 
which the blades experience. 
In order to illustrate the application of the present analysis 
to investigate the title problem and also to assess its accuracy, 
we have chosen two different cases of time-dependent, free-
stream velocity. 
The first case corresponds to G(T) = (1 + T) with no free-
stream turbulence present. Physically, this implies that at time 
T = 0 the inviscid flow begins to change with constant positive 
temporal acceleration. Yang [11] investigated this problem by 
approximate integral methods. The results for a2(r) from the 
present analysis are compared with those of Yang [11] in Fig. 
2. The quasi-steady solution given by Yang incorrectly 
predicts a discontinuity in the wall shear at T = 0 . The results 
from the present analysis start at a2(0)-1.23259. After 
reaching a maximum value of a2 initially as r increases, a2 
decreases with increasing T towards the quasi-steady solution. 
The present analysis is seen to yield physically more realistic 
results than Yang's integral analysis for r < l , during which 
time the flow is experiencing its greatest unsteadiness. The 
agreement between the present results and those of Yang is 
within 2 percent f or T > 1.0. 
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G(T)= 1+T 
-PRESENT RESULTS 
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Fig. 2 Shear stress function versus ^ for G(T) = 1 + T 
SHEAR PHASE ADVANCE vs DIMENSIONLESS FREQUENCY 
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Fig. 3 Shear phase advance versus dimensionless frequency for 
G(T) = 1+Asin(i)T) 
The second case corresponds to G{T) = 1 + A sin(Qr). This 
represents a stagnation point flow in which the free-stream 
oscillates with amplitude A and dimensionless frequency fl 
about a mean velocity. Lighthill [6] studied this problem using 
a perturbation method and integral approach. Lighthill's 
analysis was valid for fl—oo. Ishigaki [7] studies the same 
problem retaining second-order terms in the perturbation 
analysis. The results from the present analysis for the shear 
phase advance are compared with those of Ishigaki and 
Lighthill in Fig. 3. The agreement between the present results 
and those of Ishigaki was seen to be within 5 percent. 
Lighthill's asymptotic result as 0-~oo is also in Fig. 3. 
Figures 4 and 5 illustrate variation of the shear stress 
function a2(j) under the combined effect of transient free-
stream velocity and free-stream turbulence. For the sake of 
illustration, G(T)= 1 + A sin(Qr) only was chosen. It is seen 
that any existing transients die out within 1 oscillation of the 
free stream. After about 1 oscillation, the shear stress func-
tion a2{r) assumes a periodic shape. The amplitude of the 
oscillations is a strong function of the turbulence parameter 
(Tu'Re'/2). It must be noted that a2(j) increases substantially 
from the steady-state solution for wall shear stress. 
Physically, a2(r) corresponds to the wall shear stress at given 
instant of time as given by equation (15). It may be observed 
that even after all starting transients have died out the wall 
shear does not fluctuate with equal amplitude about the 
steady-state value. This nonsymmetric fluctuation of the wall 
shear is the result of acoustic streaming near the wall. 
It must be noted that the dimensionless frequency 
parameter fl may be written as (irfR/u&>) where / is the 
frequency of disturbance, R the cylinder radius and «co the 
free stream velocity. The grouping (fR/uco) is the Strouhal 
number. Ishigaki [12] dervied from his theoretical analysis 
that the parameter Q1/2Tu,/4 is a controlling parameter to 
Tu x Re J = 1 2 
Tu x Ro i = 3.5 
Fig. 4 Shear stress function versus r for G(T) = 1 + A sin(ilT) 
Fig. 5 Shear stress function versus T for G(T) = 1 + /lsin(ilT) 
describe heat transfer in turbulent oscillating flows. Bayley 
and Priddy [13] reported heat-transfer measurements around 
a gas turbine blade by controlling the frequency and am-
plitude of turbulence. The Nusselt number data was 
correlated by then in terms of a parameter (fC/uoo)Vl. 
Tu2«Re where C was the chord length of the blade. For the 
title problem including both unsteady free-stream velocity and 
free-stream turbulence, a2(j) could not correlate well with the 
parameter (Tu«Re1/!). It may be recalled that the steady-state 
friction factor data has been successfully correlated by the 
parameter (Tu«Re'/j) as shown in Fig. 1. Utilizing the analogy 
between heat and momentum transfer mechanisms, it was 
hypothesized that (Q'/2Tu2Re) may be a suitable correlation 
parameter. Figure 6 illustrates variation of the maximum 
value of a2{r) and d2(r)0 may be successfully correlated in 
terms of (fi'/2Tu2Re) within an error of 5 percent. The 
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Concluding Remarks 
The method of approach used in this paper to the analysis 
of the combined effects of free-stream transient velocity and 
free-stream turbulence at a stagnation point reduces the 
governing equations to a single first-order ordinary dif-
ferential equation. The method is capable of yielding results 
for any arbitrary time-dependent nature of the free stream 
velocity. The solutions are not restricted by small per-
turbation assumptions. A successful formulation has been 
performed to obtain an expression for the eddy diffusivity 
induced by the free-stream turbulence intensity. The solution 
of the governing unsteady momentum equation with the 
proposed eddy diffusivity model yielded predictions for the 
skin friction coefficient in the presence of the combined action 
of free-stream turbulence and transient free-stream velocity. 
A new correlation parameter is suggested to correlate the 
friction factor results for the title problem. It has been found 
that the wall friction increases with increasing free-stream 
turbulence intensity. In the case of flows involving unsteady 
free-stream velocity, the friction factor increases with in-
creasing values of the reduced frequency of oscillations. 
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